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Abstract—In this paper we study from an algorithmic per-
spective the problem of finding the peak value of a bandlimited
signal. This problem plays an important role in the design
and optimization of communication systems. We show that
the peak value problem, i.e., computing the peak value of a
bandlimited signal from its samples, can be solved algorithmically
if oversampling is used. Without oversampling this is not possible.
There exist bandlimited signals, for which the sequence of
samples is computable, but the signal itself is not. This problem
is directly related to the question whether there is a link
between computability in the digital domain and the analog
domain, and hence to a fundamental signal processing problem.
We show that there is an asymmetry between continuous-time
and discrete-time computability. Further, we study the decay
behavior of computable bandlimited signals, which describes the
concentration of the signals in the time domain, and, for locally
computable bandlimited signals, we analyze if it is always possible
to decide algorithmically whether the peak value is smaller than
a given threshold.

Index Terms—Peak value, decay behavior, effective approxi-
mation, algorithm, computability

I. INTRODUCTION

HE peak value of a signal is a distinguished quantity,

with relevance for many applications. For example, in
communication systems that employ orthogonal frequency
division multiplexing (OFDM) large peak-to-average power
ratios (PAPRs), and hence large peak values, are problematic,
because they can overload amplifiers, which in turn leads to
undesired out-of-band radiation and distorted signals [2]-[4].
Thus, a control of the peak value is essential. Numerous papers
analyzed the PAPR [5], [6], and several methods to reduce the
PAPR have been proposed [7]-[12].

The PAPR control is important not only for power amplifiers
in OFDM systems, but also for base stations and terminals in
other modern communication systems. They key problem is
that the power amplifiers have only a limited linear range, and
the goal is to optimally utilize this range. For signals with
constant envelop this can be easily achieved. However, for
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broadband signals the situation is more complicated. Those
signals can have large PAPRs, which lead to out-of-band
radiation that has to be suppressed by expensive analog filters.

In modern signal processing applications, often the signals
are directly created in the digital domain and later converted
into the analog domain. In the communications example
discussed above, this would be the digital baseband signal that
later is converted into an analog signal for the actual transmis-
sion over an antenna. Bandlimited signals are a suitable model
for transmit signals in communication systems. In order to
avoid large PAPRs, it is necessary to control the peak value
of the continuous-time signal. One approach is to compute
the peak value of the continuous-time signal, and, if it is
too high, suitable correction algorithms are applied. Often, the
correction algorithms are implemented in the digital domain.
In order to make them work and to assess their effectiveness,
it is essential that the peak value of the continuous-time signal
can be determined from the discrete-time signal, i.e., from the
samples of the signal. In this paper we study if this can be done
algorithmically on a digital computer. To study this question,
we employ the concept of Turing computability [13], [14].
We will come back to the peak value problem in Section IV,
where we also discuss existing results. However, to the best
of our knowledge, none of the results consider questions of
computability.

A Turing machine is an abstract device that manipulates
symbols on a strip of tape according to certain rules. Although
the concept is very simple, a Turing machine is capable of
simulating any given algorithm [15], [16]. Turing machines
have no limitations in terms of memory or computing time,
and hence provide a theoretical model that describes the fun-
damental limits of any practically realizable digital computer.

Computability is a mature topic in computer sciences [15]-
[18], and one of the key concepts of this theory is the
effective, i.e., algorithmic control of the approximation error.
In the signal processing literature, however, this aspect has
not gotten much attention so far. Recently, some observations
about signal processing operations have been made, where
computability problems can occur [19]-[23].

We show that with oversampling, the peak value of a
bandlimited signal can be computed algorithmically from the
samples of the signal, and give an algorithm for the com-
putation (Theorem 1). In contrast, without oversampling the
peak value of a bandlimited signal is not always computable
(Theorem 5). As a consequence, the peak value of these
critical signals cannot be determined using digital hardware
such as DSPs, FPGAs, or CPUs. Since our signal model is
very general—we assume only bandlimitedness—it does not
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only apply to OFDM signals, but also to other more general
waveforms, for example, those which have been proposed for
5G wireless systems [24].

Our analyses address a general question: when is it possible
to infer properties of the continuous-time signal, such as the
peak value, from the properties of the corresponding discrete-
time signal? Such a relation would be important for all signal
processing applications that link both domains. We will see
that, in contrast to other signal properties, such as the signal
energy, there is a difference between both domains with
respect to the computability of the peak value (Theorem 3). A
further property that we study is the signal’s decay behavior.
For finite energy signals it is a typical and justified assumption
that the signal energy is concentrated in a certain time interval,
and that the energy outside this interval is negligible for
applications. Further, for finite energy signals, it is possible
to algorithmically determine this interval. We analyze if the
same is true for the peak value of the signal, i.e., if it is always
possible to compute a time interval such that outside of this
interval the peak value of the signal is below some threshold
(Corollary 1 and Theorem 6).

The structure of this paper is as follows. After the intro-
duction of the necessary notation in Section II, we present the
basic definitions and concepts of computability in Section III.
The peak value problem is further motivated in Section IV. In
Section V we prove our first result, the computability of the
peak value of a computable bandlimited signal if oversampling
is used. The decay behavior for the oversampling case is
studied in Section VI. Then, in Section VII we analyze critical
sampling at Nyquist rate and show that in this case the peak
value cannot always be computed. The decay behavior for
this case is studied in Section VIII. Further, in Section IX
the special case of locally computable signals is investigated.
Semi-decidability for certain relevant signal sets and the
connection to exit flags is analyzed in Section X, before we
conclude the paper in Section XI.

II. NOTATION

By ¢y we denote the set of all sequences that vanish at
infinity. For Q@ C R, let LP(Q2), 1 < p < oo, be the space of
all measurable, pth-power Lebesgue integrable functions on
Q, with the usual norm | -||,, and L () the space of all
functions for which the essential supremum norm | - || is
finite. The Bernstein space B2, ¢ > 0, 1 < p < oo, consists
of all entire functions of exponential type at most o, whose
restriction to the real line is in LP(R) [25, p. 49]. The norm
for BP is given by the LP-norm on the real line. A function
in BY is called bandlimited to 0. BZY, denotes the space of all
functions in B2° that vanish on the real line at infinity. For a
function f and a > 0, we set Z/a = {k/a}rez and denote
by flz/a the sequence {f(k/a)}rez, which is the restriction
of f to the set Z/a.

III. COMPUTABILITY

The theory of computability is a well-established field
in computer sciences [13]-[18]. Alan Turing introduced the
concept of a computable real number in [13], [14]. A sequence
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of rational numbers {r, },en is called computable sequence
if there exist recursive functions a, b, s from N to N such that
b(n) # 0 for all n € N and 7, = (—1)*™a(n)/b(n), n € N.
A recursive function is a function, mapping natural numbers
into natural numbers, that is built of simple computable func-
tions and recursions [26]. Recursive functions are computable
by a Turing machine.

A set A C N is called recursively enumerable if A =) or
A is the range of a recursive function. A set A C N is called
recursive if both A and N\ A are recursively enumerable. The
fact that there exist sets which are recursively enumerable but
not recursive will be important for us [17, p. 7, Proposition A],
[26, p. 18].

A real number z is said to be computable if there exists
a computable sequence of rational numbers {r,},cn and a
recursive function £: N — N such that, for all M € N,
we have |z — r,| < 27M for all n > ¢(M). This form of
convergence with a computable control of the approximation
error is called effective convergence.

Example 1. We give an example that illustrates that this kind
of an effective control of the approximation error is essential
for the computation of even very simple real-world problems.
Consider the discharge behavior of an RC circuit, which is
mathematically described by

u(ty=e"me, t>0, u(0)=1, 1)

where R is the resistance, C' the capacitance, and u(t) is the
voltage at the capacitor. A digital computer can only handle
rational numbers exactly. Hence, we assume that R and C' are
rationals. According to the Lindemann—Weierstrass theorem,
e” is a transcendental number for every rational x. Hence, if
we want to compute the voltage u(t) at a rational time instant
t then the result will be a transcendental number which has
to be approximated by the digital computer. This computed
approximation is only meaningful if the approximation error
can be effectively controlled.

Note that the exponential function in (1) is an entire function
of exponential type and therefore a bandlimited function.
Even for this simple function a Turing machine is not able
to compute the function values for ¢ # 0 exactly, but only
approximations. This behavior is generic for entire functions
that are no polynomials.

We call a sequence of real numbers {z,}nen C R, a
computable sequence if there exists a computable double
sequence of rationals {ry, m }n.men and a recursive function
&: N x N — N such that, for all M € N and n € N, we
have |z, — 7.m| < 27M for all m > ¢(M,n). Note that if
a computable sequence of real numbers {x, },en converges
effectively to a limit «, then x is a computable real number
[17, p. 20, Corollary 2a]. A non-computable real number was
for example constructed in [27]. By R. we denote the set of
computable real numbers and by C. = R, + iR, the set of
computable complex numbers.

A sequence {z(k)}rez in co is called computable in ¢
if every number z(k), k € Z, is computable and there exist
a computable sequence {x,},en C o, where each x,, has
only finitely many non-zero elements, and a recursive function
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&: N — N, such that for all M € N we have ||z — z,||¢~ <
2=M for all n > &(M). By Cco we denote the set of all
sequences that are computable in c¢g.

There are several—not equivalent—definitions of com-
putable functions, most notably, computable continuous func-
tions, Turing computable functions, Markov computable func-
tions, and Banach—-Mazur computable functions [18]. A func-
tion that is computable with respect to any of the above
definitions, has the property that it maps computable numbers
into computable numbers.

We now give the definition of a computable continuous
function [17, p. 25, Definition A(ii)]. Let I C R be an interval,
where the endpoints are computable real numbers. A function
f: I — R is called a computable continuous function if

1) f maps every computable sequence {t, }neny C I into a
computable sequence {f(t,)}nen of real numbers.

2) there exists a recursive function d: N — N such that for
all t1,to € I and all M € N we have: |t; —t2] < 1/d(M)
implies | f(t1) — f(t2)| < 27M.

Next, we extend this definition to functions defined on R. A
function f: R — Ris a called computable continuous function
if

1) f maps every computable sequence {t, }neny C R into a
computable sequence {f(t,)}nen of real numbers.

2) there exists a recursive function d: N x N — N such that
forall L, M € N we have: |t; —t2| < 1/d(L, M) implies
|f(t1) — f(ta)| < 27M for all ty,ty € [-L, L].

A weaker form of computability is Banach-Mazur com-
putability. A function f: R — R is called Banach—-Mazur
computable if it maps every computable sequence {t,, }nen C
R into a computable sequence {f(t,)}nen of real numbers,
i.e., if it satisfies condition 1) of the definition of a com-
putable continuous function. We can generalize the definition
of Banach—-Mazur computability to more general mappings.
Let M be some set of computable functions. We call a
mapping ¢¥: M — R Banach-Mazur computable if it maps
every computable sequence { f,, }nen C M into a computable
sequence {¢(fr)}nen of real numbers.

In addition to the above mentioned definitions of com-
putability, we introduce a definition for computable functions
in Banach spaces, which is based on effective convergence.
We call a function f elementary computable if there exists
a natural number L and a sequence of computable numbers
{ag}E__; such that

L .
=3 akw. @)
k=—L

Note that every elementary computable function f is a finite
sum of computable functions and hence computable. As a
consequence, for every ¢ € R, the number f(t) is computable.
Further, the sum of finitely many elementary computable func-
tions is computable, as well as the product of an elementary
computable function with a computable number.

Asignal f € B, is called computable in B2, if there exist
a computable seqlience of elementary computable functions
{fn}nen and a recursive function £: N — N such that,

for all M € N, we have [[f — fnlloo < 27M for all
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Fig. 1. For a computable signal we can always determine an error bar and
then can be sure that the true value lies within the specified error range.

N > &(M). By CBy, we denote the set of all functions in

o that are computable in B2%,. According to this definition,
we can approximate any signal f € CBX, by an elementary
computable function, where we have an “effective” control of
the approximation error, as illustrated in Fig 1.

Remark 1. Since for every elementary computable function fy
the norm || fn||co is computable, it follows from the inequality

[l fllso = [/ lloc] < [If = fNloo that the norm [ f|[. i.c., the
maximum of f, is computable for all f € CBXY,.

Remark 2. If f € CBY, then f is also a computable contin-
uous function according to the definition using the effective
uniform continuity, because | f(t1)— f(t2)| < || f/]|co|t1 —t2] <
7| flloo|t1 — 2|, and || || is computable.

IV. THE PEAK VALUE PROBLEM

The peak value problem that we study in this paper can be
summarized as follows. Given a continuous-time bandlimited
signal f € B5<,, if we know f on a discrete set such as Z/a,
a > 1, ie., if we know f|z/,, can we determine the peak
value of f, i.e., || f]|co, OF can we at least find an upper bound
for ||f]|os?

The peak value problem is relevant, because in many
applications the continuous-time signal f is not known, but
only the discrete-time samples f|z/,. This is, for example, the
case in mobile communications, where we create a discrete-
time complex baseband signals, and need to control the peak
value of the corresponding continuous-time signal.

Important questions related to the peak value problem are:

1) Can we determine the peak value (or an upper bound) of

the continuous-time signal from the discrete-time signal?
2) Can we compute the peak value on a digital computer?
3) Which role plays the oversampling factor a?

The peak value problem for equidistant sampling was stud-
ied, for example, in [28], [29], and for non-equidistant sam-
pling in [30]. Further, results for the special cases of OFDM
and CDMA signals were obtained in [31]-[33]. Question 1
has partly been answered in [28], [29], where it was shown
that, for all f € B;:‘fo and a > 1, we have

1

Ille < ey Ml G)
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Fig. 2. Plot of the function 1/ cos (7/(2a)). The unbounded increase when
a tends to 1 is clearly visible.

The behavior of the upper bound on the right-hand side
of (3) is plotted in Fig. 2. Inequality (3) shows that, with
oversampling, we can bound the peak value of f from above
by an expression that uses only the peak value of the samples
flz/a and the oversampling factor a. Inequality (3) can also be
used to study the influence of the oversampling factor @ > 1
on the computability and approximability of the peak value. If
the oversampling factor a is increased, then the approximation
error can be better controlled. This better control of the
approximation error does not come for free, because the signal
has to be known on the oversampling set.
We will study Questions 2 and 3 in the rest of this paper.

V. COMPUTATION OF THE PEAK VALUES
WITH OVERSAMPLING

The following theorem is our main result for the oversam-
pling case. If we use oversampling, i.e., if we know f on
an oversampling set Z/a, a > 0, and if the sequence of
samples f[z/, is computable, then we can compute | f||cc
from the samples f|z,,. We prove this fact by providing an
explicit algorithm for the computation of || f||o.. We will see
in Section VII that without oversampling, i.e., for a = 1, the
problem of computing the peak value cannot always be solved
algorithmically.

Theorem 1. Let f € By, and a > 1, a € Re. If f|z/4 € Cco
then we have f(t) € C. for all t € R,, and we can compute
[Ifllec € R. algorithmically.

Proof. Let f € BX, and a > 1, a € R, be arbitrary but fixed.
Further, let xk € CB._ be defined in the frequency domain by

1

P |w| <,

N |w|—am

Rlw) = anizay T < lw| < a,
0, |w| > am.

Then we have

o= 5 o (e(e-5). een o

k=—o0
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and the series in (4) converges absolutely. According to our
assumption, we have f|z/, € Cco. Thus, it follows that there
exists a recursive function 7 such that for all M € N we have

k 1

@)= ®

for all |k| > n(M). We will prove this fact in Theorem 7. Let
M € N be arbitrary but fixed, and let

N k k
= Y r(5)e(t-2) ter ©
k=—N
Then, for N > n(M), we have

EORCH

|f(t) = In(@)] =

k i k

< — _

meslr (5)] 2 [ (-2
a(l+ )|k
§72M

for all t € R and N > n(M), where we used Nikol’skii’s
inequality [25, p. 49] as well as inequality (5) in the third
line. Taking the supremum on both sides, it follows that

1
1 lloe < 20D ™

for all N > n(M). Since ||k||1 € R., we see that {fn}nen
converges effectively to f in the L°°-norm. Thus, we have
[ €CB, o, and, as a consequence, f(t) € C, for all t € R...
Using the inverse triangle inequality, we further obtain

a(l+m)lx
oM

A lloo = NN lloo] < IIf = Filloo <

for all N' > n(M), which shows that the computable sequence
{llf~llcc }Nen of computable numbers converges effectively
to || f]|o- Hence, it follows that || || € Re. O

Remark 3. Note that the proof of Theorem 1 already gives us
an algorithm how to compute the peak value || f]|oo. We first
specify the desired approximation accuracy €, where € has to
be a computable number. Then we compute the corresponding
M that achieves this accuracy, i.e., the smallest integer M such

e (1+m)[x]]
a(l4+ 7)||k|1
T =€

In the next step, we compute N = n(M). This gives us the
number of summands we need to use in (6). In the last step,
we compute || fn |0, Which is possible because fp is the finite
sum of computable functions. This number is the desired result
that is guaranteed to be e-close to || f||co-

Remark 4. As we have seen in the proof of Theorem 1, for ¢ €
R, fn(t) is always a computable number and {fn(¢)} nen
is a computable sequence of computable numbers. Because of
(7) it follows that f(¢) € C, for all t € R.. For a = 0 however,
i.e., if no oversampling is used, we will see in Theorem 3 that
this is no longer true in general.
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VI. DECAY BEHAVIOR WITH OVERSAMPLING

Even though bandlimited signals have always an infinite
time duration, the assumption that they are essentially time-
limited is often made in practical applications. For finite
energy signals this is justified to the fact that the signal energy
is concentrated in a certain time interval, and therefore the
energy, and consequently the signal’s amplitude, outside this
interval is negligible.

For finite energy signals, it is possible to algorithmically de-
termine a finite time interval that contains a certain prescribed
amount of energy. We analyze if the same is true for the peak
value of the signal, more specifically, we ask if it is always
possible to compute a time interval such that outside of this
interval the peak value of the signal is below some threshold.

In the following, we study this question for the oversam-
pling case and under the assumption that the sequence of
samples f|z,, is computable. Again, the answer is positive,
i.e., we can compute the signal’s concentration in the time
domain from the discrete-time signal by using digital signal
processing methods. This is expressed by the next result,
which is a direct corollary of Theorem 1.

Corollary 1. Let f € ByS, and a > 1, a € R... If flza € Ceo
then there exists a recursive function n: N — N, such that,
for all M € N, we have

1
FO] < 537 ®)

Sor all |t| > n(M).

Corollary 1 shows that if f|7,, € Cco then for any threshold
2~M we can compute a time instant Ty = (M) such that the
absolute value of the signal | f(t)| is smaller than 2= outside
the interval [—Tp, Tp]. Hence, it is possible to algorithmically
determine an interval, on which the signal is “essentially”
concentrated with respect to the amplitude. This behavior is
illustrated in Fig. 3.

We will see in Theorem 6, Section VIII that all functions
in CBY, have the property that the interval on which they are
essentially concentrated, as described by (8), can be algorith-
mically determined. However, if only the samples are known
to be computable, such as in Corollary 1, then oversampling
is essential. In Corollary 2, Section VIII, we will prove that
without oversampling, the time concentration cannot always
be algorithmically controlled as in (8).

Proof of Corollary 1. Let f € By, a > 1, a € R, such
that f|z,, € Cco. Inequality (7) in the proof of Theorem 1
shows that there exists a computable sequence {fn}nen
of functions, having the shape (6), and a recursive function
7n1: N — N, such that, for all M € N, we have

150~ £ (0)] < garer

for all N > 71 (M). Since each fy is the finite sum of rapidly
decreasing functions, there exists a recursive function 79 : N x
N — N, such that, for all M € N, we have

(0 < sy
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n(M) 8 9 10

Fig. 3. Tllustration of the decay behavior. We have |f(t)| < 2= for all
[t| > To = n(M). If the samples of f, taken at a rate above the Nyquist
rate (oversampling), are computable, then 7 is computable.

for all |t| > no(M, N). It follows that we have

[F@OF=17) = fon ) (8) + fo ary (1)]

[F (&) = Fouany (D] + [ Fy ar) (B)]
1
oM

for all [t| > no(M,n(M)). -

IA

IN

VII. COMPUTATION OF THE PEAK VALUES
WITHOUT OVERSAMPLING

In this section we study the situation when no oversampling
is used. Here, we will obtain a negative result and see that
oversampling is indeed necessary to obtain the results from
the last section.

Our first theorem is not related to computability, and shows
that the peak value of a signal f € CBZ, cannot be inferred
from the norm of its samples || f|z||¢-. Hence, a simple upper
bound such as (3) cannot exist.

Theorem 2. For all M € N, there exists a signal far € CBX
such that || far|zlle=s <1 and || farlloe > M.
Proof. Let M € N be arbitrary but fixed. For N € N, let

N

FEN) = (-1)

k=1

Then f(-,N) is computable, and we have ||f( -, N)|z|/¢~ =
1. For t = N + 1/2 we have

psin(m(t — k))

teR.
prrs

1 1
N+LiN=2Z
|f( +2» )| WZN#*l*k

k=1 2

131
= _ 1
7Tk:0]€+§

N-1 k41

1 1
> — dr
chz:% k T-l—%
1Mo
:—/ T dr

™ Jo T+§

1 1 1
=— |1 N+ -] -1 —
s () e )]
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1
= —log(2N +1).
T

Hence, for N € N with

e
N >

we have
1F (N loe = |F(N 4 5,N)| > M.

Choosing fyr = f(-, N) with N = [(e™ —1)/2] completes
the proof. O

In Theorem 2 we have seen that the knowledge of the
peak value of the samples ||f|z|l¢= is not enough to infer
any information about the peak value of the continuous-time
signal || f]|co. Next, we study from a computational point of
view what happens if the entire sequence of samples f|z is
available.

Theorem 1 has shown that if, for f € B%), we have f|z,, €
Ccg for some a > 1, a € R, then the signal values f(t) are
computable, i.e., we have f(t) € C. for all ¢ € R,. Next,
we will prove that this is not guaranteed if a = 1, i.e., if no
oversampling is used. For ¢ = 1 it is not possible to infer
the computability of the continuous time signal f from the
computability of the discrete time signal f|z. This highlights
the importance of oversampling in Theorem 1.

Theorem 3. There exists an f1 € B;’fo such that f1|z € Cco
and f1(t) ¢ C. for all t € R.\Z. Hence, we have fi ¢ CB,.

For the proof of Theorem 3, we need two auxiliary results.
The first one is the Valiron sampling series, which is also
sometimes called Tschakaloff’s series. For a proof, see for
example [34, p. 12] or [25, p. 60].

Lemma 1 (Valiron sampling series). For all f € BS°, we have

£(8) = £(0) sin;;rt) + F(0) sin7(T7rt)
= f(k)sin(n(t — k)
+1 kzg_oo A i—F teR.

k#0
For fixed t € R, the series converges absolutely.

The second one is a statement about the computability of
the last term in the Valiron expansion. Lemma 2 was proved
in [21, p. 6433].

Lemma 2. Let f € CBY, and t € R... Then we have

> f(k) sin(m(t — k))
t € R..
k_z;oo k m(t — k)
k£0
The proof of Theorem 3 follows the same line of ideas
as the proof of Theorem 3 in [21], and parts are identical.
However, since important details are different, and for the sake

of completeness, we include the proof here.

Proof of Theorem 3. For N € N, let
N

pu(t) = = S (-1 b))

teR.
pot w(t — k)
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Since py is a finite sum of computable functions in B;fo, we
see that py € CBy<,. For t = 1/2, we have

N
1 1 1
NN .
Note that py(1/2) is a computable real number. Since

1 k+1 1
1>/ T dr, k>1,
k_§ k T_§

it follows that
1 1 Nt 1
PN () = 7/ T dr > —log(2N +1). (9
2 ™ J1 T — 3 ™

For ¢t € Z, we have |py(t)| < 1. Further, for t € R\ Z, we
have

where ki (t) is the largest natural number that is smaller than
or equal to N and satisfies k1 (¢) +1 < t. Further, k3(t) is the
smallest natural number such that ko(t) —1 > ¢. If ko(t) > N
then the above sums involving ks (t) are the empty sums. We
also used the inequality

N Noorkoq N
Z—<1+Z/ fdrzl-i-/ = dr =1+ log(N)
k:lk k2 /k—1 T 1 7

in the last line. Hence, we have

2 2
Nl <24+ — + —log(N). (10)
T T
Let 1
pn(3)
We have
7(71)1163 1§k§Na
gn(k) =4 @)
0, otherwise.
Further, for N € N, we have
o] o
INl|lco = 77 IIPN||oo
P (3)]
B o 2 2log(N)
log(2N +1)  log(2N +1) log(2N +1)
< 2w 44,
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where we used (10) and (9) in the first inequality.

Let A C N be an arbitrary recursively enumerable nonre-
cursive set, and let ¢ 4: N — N be a recursive enumeration of
the elements of A, where ¢ 4 is an injective function, i.e., for
every element & € A there exists exactly one N € N with
@ a(Ng) = k. We consider the function

o0

1
Z WQN(W

N=1

fi(t) = teR. (11)

Since

o0

1
< Z WHQNHOO
N=1

1
> | remon| <
N=1 oS}

=1
<> v (27 +4)

< 27 44,

it follows that the series in (11) is absolutely convergent and
that f; € Bg.? 0-

We further consider the sequence filz = {f1(k)}rez,
defined by

> 1
1) =D sramon(®), keZ. (2
N=1
Since
1l < Z sy lolelles < Z ¥ onl
s

<<,

log(2N + 1) i
we see that the series in (12) is absolutely convergent and that
filz € co. We next prove that fi|z € Cco. For M € N, the

sequence
Moo
{Z TN gN(k)} (13)
keN

N=1
is, as a finite linear combination of sequences in ¢y with only
finitely many non-zero elements, a sequence in ¢y with only

finitely many non-zero elements. Since pn11(1/2) > pn(1/2)
for all N € N, we obtain, for M € N,

Moo
Z 2¢>A(N)gN|Z

oo

1
< Y W”gﬂz”ew

Ve N=M-+1
=1
1 Z W
pM+1§ N

_
Pm+1 (%)

™
< ——
~ log(2M + 3)

filz —

<

Thus, (13) converges effectively to f1|z as M tends to infinity,
which implies that =, € Ccg. Since

oo

1
Z 2¢4(N)
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is not computable [17], [27], it follows that

1 > 1 1 > 1
f1<2> = Z 264N >9N<2> :NZﬂ 9264(N)

is not computable, i.e., we have fi(1/2) € R..
According to Lemma 1, we have, using that f;(0) = 0, that

R = Ao 5 fl,ik) Sm?fz(t_kf ) (4
k=—o0
k0

:2B2(t)

According to Lemma 2 we have By(t) € R, for all ¢t € R,
and for t = 1/2 we know that f;(1/2) ¢ R.. Thus, the left-
hand side and, consequently, the right-hand side of (14) are
not computable for ¢ = 1/2. It follows that f](0) ¢ R.. This
implies that f1(0)sin(7t)/m ¢ R, and, consequently, that
fit) €R. forall t € R, \ Z. O

We have seen in Theorem 3 that the computability of the
discrete time signal f|z does not always imply the com-
putability of the continuous time signal f. However, if f(¢)
is computable for at least one computable non-integer time
instant ¢ then f(t) is computable for all ¢ € R., as the next
theorem shows. Note, however, that the computability of f(¢)
for all ¢ € R, does not imply that f € CI52%, as we will see
in Section IX.

Theorem 4. Let f € B3, and f|z € Cco. We have f(t) € C
for all t € R, if and only if there exists a t; € R, \ Z such
that f(t1) € C..

m,0°

Proof. “=-": This direction is obvious. “«<": Let ¢; € R, such
that f(t1) € C, and let

f(t) = f(ta)
t—1t

g(t) =

. teR.

Since g € B2, we have

FO—ft) .« sin(7 (¢ — k))

B g(t) = k;wg(k)w
f f(t1) sin(w(t — k))

k; —t m(t—k)

for all ¢t € R... It follows that
B sin(w(t — k))
f#) = f(t) + (¢ —t1) z; k_tl ey

(n(t ~ k)

SN —— (15)

Pt m(t — k)

It can be shown that, for all t € R,, the first series in (15)
converges effectively, because f|z € Cco. Hence, the limit is
a number in C.. Similarly, for ¢ € R, the limit of the second
series is in C,.. Both calculations, which use the effective
convergence of Ezozl 1/k?, are elementary but lengthy and
therefore omitted. Since f(t1) € C,, it follows that f(t) € C,
for all t € R,, O
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The next theorem, our main result about the non-
computability of the peak value in the case where no over-
sampling is employed, shows that without oversampling there
exist signals for which either the peak value is not computable
or the maximum is attained at a non-computable time instant.

Theorem 5. There exists a real-valued signal fi € B2, with
filz € Cco such that || fi||oc & Re or arg max,cp f1(t) € R..

Proof. We use the function f; € B2, from Theorem 3. We
have fi|z € Cco and f1(t) € R, for all t € R, \ Z. It can
be shown that f; takes its maximum on the set R \ Z. Let
to = arg max,cp f1(¢). We do a proof by contradiction and
assume that both f(tp) = max;cgr f1(t) € R, and ¢y € R,
and show that this assumption leads to a contradiction. If ¢y €
R., then we know from Theorem 3 that fy(¢p) & R, which
is a contradiction to our assumption. O

Theorems 2 and 5 show that the results for ¢ > 1 are sharp
in the sense that for a = 1 no algorithmic control of the peak
value is possible, even for f € BXY,.

Remark 5. The computability of the continuous time signal f
in not a necessary condition for the peak value || f||~ to be
a computable number. Note that || f||. € R, does not imply
that we actually have a procedure to compute || f||o from f,
it only means that ||f||. is a computable number. We will
come back to this topic in Theorem 13 of Section IX.

VIII. DECAY BEHAVIOR WITHOUT OVERSAMPLING

In this section we derive three results about the decay
behavior of computable signals and computable sequences,
respectively.

If f is computable in B, then, for every threshold, we
can compute a time instant 7 from which on the signal stays
below the threshold.

Theorem 6. Let f € CBX,. Then there exists a recursive
Sfunction n: N — N, such that, for all M € N, we have

1

O] < 5y (16)

Sor all |t| > n(M).

According to Theorem 6, for f € CB;’T?O, it is possible to
algorithmically compute the interval on which the signal f is
essentially concentrated, as described by (16). Hence, signals
I € CBZ, possess the same behavior as signals f € B2, that
additionally satisfy f|Z/a € Ccq for some a > 1, a € R, (see
Corollary 1). After the proof of Theorem 6, we will see in
Theorem 7 that discrete-time signals s € Ccy exhibit the same
behavior. However, for general signals in f € B2, that satisfy
flz € Cco, we do not have this algorithmic control in general,
as Corollary 2 will show.

Proof of Theorem 6. Since f € CBY,, there exists a recursive
function £ and a computable sequence of elementary com-
putable functions {fx }nen such that for all M € N we have

1
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for all N > ¢(M). Let M € N be arbitrary but fixed. For
N > &(M + 1) we have

56 = N O] < rr

for all ¢ € R. Each fy is an elementary computable function,
having the shape

ae sin(7(t —
DEORD ST
k=—K(N)
where K(N) and ¢x(N), & = —K(N),...,K(N), are

recursive functions. For [t| > K (N) we further have

K(N) .
sin(m(t — k
nls Y ) [T
w(t—k)
k=—K(N)
. K(N)
< — ek (N)].
== R 2= @)
Since the numbers ¢x(N), ¥ = —K(N),...,K(N), are
computable, it follows that
K(N)
N = D le(N)|
k=—K(N)
is a computable number. Next, we compute lo(N) € N such
that
Ci(N) _ 1
7TZ0(N) - oM+1”
Then, for |t| > K(N) 4+ lo(N), we have
Ci(IV)
NI € s
e ey
< C1(N)
~ m(K(N) +1o(N) — K(N))
_ Cy(N)
mlo(N)
1
< BYTESE
and it follows that
f@) = 11@) - f )+ ()
<|[f(t) - ( )+ 1fn (@)
1 1 1
< - - =
— 2M+1 2M’+1 2M
for all N > ¢{(M + 1) and [¢t| > K(N) + lo(N). Choosing

n(M)

Using the same arguments as in the proof of Theorem 6,
we can derive an analogous result for computable sequences
in Ccy.

= K(&(M+1))+1p(§(M+1)) completes the proof. [

Theorem 7. Let {s(n)}nen € Cco. Then there exists a
recursive function 11: N — N, such that, for all M € N we,

h
ave 1

s(n)] < o
Sor all n > n(M).
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Fig. 4.
Nyquist rate (no oversampling) and are computable. However, it is not always
possible to compute a time instant To = 7(M), such that | f(t)] < 2=M for
all [¢t| > Ty = n(M).

Illustration of the decay behavior. The samples of f are taken at

However, if we have a continuous-time signal f € B;’fo
and only know that the sequence of samples f|z is com-
putable, then we cannot always compute such a time instant
To = n(M) such that |f(t)] < 2= outside the interval
[—Tho, Ty], as the next corollary shows. This is in contrast to the
situation with oversampling that was discussed in Section VI,
and, hence, here the question whether we can control the
decay behavior of the continuous-time signal algorithmically
has to answered in the negative. The problematic behavior is
illustrated in Fig. 4.

Corollary 2. There exists a signal fs € By, with f(t) €
R, for all t € R, and f|z € Cco, such that there exists no
recursive function n: N — N such that, for all M € N, we
have

1

5] < 537

Sor all |t| > n(M).

Remark 6. Note that f3 in Corollary 2 cannot be in 0872?0,
because otherwise the decay behavior would be computable
according to Theorem 6.

Proof. For n € N, let

_1)k n
i = {7 Dk

0, otherwise,
and )
- sin(m(t — k))
n(t) = n(k)————, teR.
gn(t) = gn(k) T S
k=0
For t,, = 2n + 1/2, we have
2n
1 1
gn(tn) = = Z T = C'(n)
T =0 2?’L + 3 = k’
A simple calculation shows that
log(4 1
C(n) > M.
w
We set )
t

3040 C(1)’
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t1 = t1, and Ny = 0. For even N* with N* > t; we have
gl ~N*) 1 Ni“(_l)ksin(w(fl — k)
c(2) c(2) m(ty — k)

k=N*
vl
oy ML
_1 N*+4
"o 2
- -1 5
CR) N —&

_ sin(nty)
- 1C(2)

1
k—1

Let A C N be an arbitrary recursively enumerable nonrecur-
sive set, and let ¢ 4 : N — N be a recursive enumeration of the
elements of A, where ¢4 is an injective function. We choose
N, > t; as the smallest even number such that

1 1 92(¥1 — Ng)
220400 ce Y
Further, we set
o 1 gg(t - N2)
a2(t) = q:(t) + 3@ @) teR,

and to = Ny + to. For even N* with N* > 5 and t = ¢, to,
we consider

N*+6

g3(t—N*) 1 _esin(w(t — k)
SORRREE) k;f V' —e=n
Csin(m) &K1 -1 N
~ 7C(3) kg*t—k_ﬂO(S) kg*ﬁ
-1 7
>7TC(3) N*—t’

and chose N3 > to as the smallest even number such that

1 1 < 7 1
4 2¢a(1) 7'('0(3) N3 —%1

and
_1 1 - 7 1
22¢4(2) 770(3) N3 — ig '
Then we have
1 1 gg(fl — Nd)
12,0 <7 o) <
and G )
1 1 g3(t2 — N3
- 0.
2204® = C(3)
We set
1 g3(t— N3)

wl) =eW)+ 5w e o tER

and t3 = N3 + t3. Suppose we have already defined N,

gr, and tq,...,t;. Then, for even N* with N* > ¢, and
t =t1,...,1;, we consider
grt1(t — N¥)
Ck+1)
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and chose Niy1 > ) as the smallest even number such that

1 1
T 9k—I+1 9¢a(l)

L1 1
< = —
7TC(]€ + 1) Nk+1 — tl
foralll=1,...,k. Then we have
1 1
T ok—I+1 9¢4(l)
forall [ =1,..., k. We set

B I gry1(t — Niya)
Be1(8) = a(t) + 5550 Clk+1)

and ty11 = N1 + tr11. Following this iterative procedure,
we have constructed a sequence of functions {gx }ren C B;fo,
where

9r+1(tt — Ng41)

chrn O

teR,

k
1 gn(t—Ny)
t =
qk( ) nz::l 2¢A(n) C’(n)
Since
HgnHOO < QC(n), n €N,
and, for M > N,
M

1 HgnHOO
law —avlle < D S5y G
N+1

n=

= 1
<2 ). Sho
n=N+1

we see that {qy, }ren is a Cauchy sequence in B;<. The unique
limit f3 € B, is our desired signal.
For [ € N, we have

=1 gul—Np)
fS(I) = ngl 9 a(n) C(n) ’

where the sum has only finitely many summands, and conse-
quently each f3(l), I € N, is a computable real number. Next,
we consider the computable sequence

N 1 n('_Nn)
{Z2¢A(n)g C(n) } :
NeN

n=1

a7

Note that each element of (17) is a sequence with only finitely
many non-zero elements. We further have

N
1 gn(- = Ny)
falz =2 264(n)  C(n)

n=1
> 1 1
< > 204(%) C(n)

n=N+1

AS

oo

1 1
< C(N +1) n_Z:H 2pa(n)
1
N+ 1)

s
< T T
log(4N + 5)
where we used that sup;c;|gn(l)] = 1 for all n € N. This
shows that (17) converges effectively to f3|z. Hence. we have
f3lz € Cco.

<
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We do the rest of the proof indirectly and assume that there
exists a recursive function : N — N such that, for all M € N,
we have

1
|f3(t)] < BV
for all |¢| > n(M). Let r € N be arbitrary. We have
7 - 1 gn(%r - Nn)
i) =
f3( ) ngl 2¢A(n) C(n)
r—1

-y L ga(tr — Nn) Lt gt — N,.)
2¢a(n) C’(n) 92¢a(r) C(n)

n=1
- L gn(ty — Na)

For 1 < n < r we have . — N,, > 2n, and consequently

gn(tr — Np) > 0. For n > r 4+ 1 we have
1 1 gn(tr — Np) <o
n=r 2¢4(r) C(n)
Hence, we obtain
_ 1 g.(t-— N,) > 1 1 1
fS(tr) > 2da(r) C(TL) o ;1 2pa(n) gn—r 9da(r)
1 g (t) 1 — 1 1
> T O}~ T 2 3
n=r+1
1 1 1
T 96a(r)  996a(r)
11
T 220400

Let M € N be arbitrary, and let ry be the smallest number
such that ¢, > ¢(M). Then, for all » > ry, we have

1 1 - 1
35600 < fa(ty) < o

It follows that ¢4(r) > M — 1 for all » > ry, and,

consequently, that ¢4 (r) & [1,M — 1] for all » > ry. We
consider the sets

ATO = {¢A(1), .. .7¢A(T0 — 1)} CcA

and
A=A, N[L,...,M—1].

AM s the set of all k € A with k € [1, M — 1], because for
r > 1o we have ¢4(r) > M — 1. Hence, for k € [1,..., M —
1]\ AM we have k ¢ A. Since M € N was arbitrary, we have
an algorithm that can decide for each k& € N, whether k € A
or k ¢ A. This implies that A is a recursive set, which is a
contradiction. O

IX. UPPER AND LOWER BOUNDS FOR LOCALLY
COMPUTABLE SIGNALS

We call a signal f € B2, locally computable, if there exist a
computable double sequence of elementary computable func-
tions { fn x } Nen, ken and a recursive function £: NxN — N
such that, for all K € N and all M € N, we have

1

max| f(t) = fnx (0 < 537
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forall N > ¢(M, K). The set of all locally computable signals
[ € By, is denoted by LCBZY,. Local computability in B3%
is a weaker requirement than computability in B2%. Hence,
we have LCBY, D CBY,.

Theorem 8. Let f € LCBY,. Then we have | f| € R..
Further, there exists a computable sequence {TMy}nen of
Turing machines TMy : ﬁCB;’r‘fO — R, such that

1) for all f € LCBZ, and all N € N we have

My (f) = TMN(f),

2) for all | € LCBZ, we have

Jim My () = £l (18)

3) for each f € LCBY, the convergence in (18) is effective,
ie., for each f € LCBY, there exists a recursive function
&r: N = N such that for all M € N we have

V() = 1 flll < 537

for all N > &5 (M).

Remark 7. Theorem 8 does not imply that we have an
algorithm that, for every f € LCB, can compute ||f||oo-
For f € CBy,, we know from Remark 1 that [|f||o is
algorithmically computable, i.e., there exists a Turing machine
that, for every input f € CBS, can determine |[|fl|o. In
Theorem 38, i.e., for f € LCBZ, the situation is different.
Even though || f|lc € R, there exists no algorithm that, for
every f € LCBYY, can compute || f||o. The reason is that the
function &; does not recursively depend on f, as we will see
in Theorem 10.

Proof of Theorem 8. Let f € LCBZY, be arbitrary but fixed.
Since f € LCBYY, there exist a computable double sequence
of elementary computable functions {fn x}nen ken and a
recursive function £: N x N — N such that, for all K € N
and all M € N, we have maxy,<x|f(t) — fn x ()] < 27M
for all N > §(M,K). We set far = fecar,ay,m- Clearly,
{fa}amen is a computable sequence of computable functions,
and we have

1
t)— ) < —-.
lg@;lf( ) = fu(®)] < 537
Thus, it follows that
1 1
) —— < ) < t —.
lgr‘lgﬁlfM( =57 < lg@;@lf( )< ‘glgﬁ\fM( I+ 53
Since
lim f(t) =0,
[t]—o0

there exists a number Ky € N such that

t)| = oo
max |f(5)] = I/1
Further, since f is a locally computable signal, and conse-
quently a computable continuous function, we see from [17,
p- 40, Theorem 7] that || f|| is a computable number, i.e., that
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I fllcc € Re. For each M € N there exists a Turing machine
TM,; that computes

1
My f = ﬁ?&’i'fM(t) ~ 5

Note that we have TMps11(f) > TMp(f), M € N, as well
as
2
[TMu (f) = [ flloo| < o

for all M > K. Hence, we see that limp;_,oo TMps(f) =
[|.fllo- For fixed f € LCBS,, the convergence of the sequence
{TMus(f)}aen to || f|loo is effective according to (19). O

19)

Based on the previous theorem, we can obtain a further
interesting result. In order to state this result, we introduce
the concept of semi-decidability. A set S C LCBZY, is called
semi-decidable if there exists a Turing machine

TMs: LCBY ) — {TMs stops, TMs runs forever}

that, given an input f € LCBZY, stops if and only if f € S.
The next theorem shows that it is possible, for a given A €

Re, A > 0, to algorithmically detect the signals f € LCBZY,

for which || f||o > A, because the corresponding set of signals

§7 ={f € LCBy: [|flls > A}

is semi-decidable. That is, there exists a Turing machine that
takes f € LCBYY, as an input and stops if and only if || f{|oc >
A. However, if || f|lcoc < A this Turing machine runs forever.
Hence, if the machine has not stopped after a certain amount
of time, we cannot say if ||f|lcoc < A, or if || f||cc > A but the
machine has not yet finished. The other practical relevant set

S ={f € LCBZ,: || flloe < A}

is not semi-decidable, as we will see in Theorem 11. Hence, if
[ fllco < A, we have no way of verifying this algorithmically,
the Turing machine may run forever. Note that this theorem is
only concerned about continuous-time signals and makes no
assertion about the connection to the corresponding discrete-
time signals.

Theorem 9. For all A € R, \ > 0, the set
S” ={f € LCBy: || flloo > A}
is semi-decidable.

Proof. For all A € R, there exists a Turing machine
TM3 : R, — {TM3 stops, TMy runs forever} such that, for
each input = € R., TM; (z) stops if and only if z > X [17,
p. 14, Proposition 0]. We also use the Turing machines TM s
that we defined in the proof of Theorem 8, given by

1
TM f = )] —
mf érllgﬁlfM() 531

We now describe an algorithm that defines a Turing machine
TMs> that, for f € LCBS, stops if and only if f € S~.
The existence of this Turing machine proves that S~ is semi-
decidable. Let f € /.ZCB;if’O and A € R., A > 0, be arbitrary
but fixed. We compute TM; (f) and start the Turing machine
TMy (TM; (f)). After the first instruction step, we check if
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TM; (TM; (f)) has stopped. If yes, then TM;(f) > A, and
we have .
I 2 maxlfa(e) - 5 >

Further, we stop the algorithm, i.e., the Turing machine TMgs>.
If TM; (TM;(f)) has not stopped then we compute TMa(f)
and start another Turing machine TMy (TMz(f)). We execute
the first instruction step of TM3 (TMz(f)) and the second
instruction step of TMy (TM1(f)). If one of these Turing ma-
chines has stopped, then we have, using the same reasoning as
above, || f|loc > A, and we stop the algorithm, i.e., the Turing
machine TMs>. If neither TM3 (TM2(f)) nor TMy, (TM; (f))
has stopped, then we start the next iteration step. Note that
if ||fllcc < A then the algorithm, i.e., the Turing machine
TMg> (f) will run forever, because TMs(f) < [|flloo < A
for all M € N.

Using this algorithm, we obtain a Turing machine TMg>
such that, for f € LCBY,, TMs>(f) stops if and only if
[I/llcc > A. Hence, we see that S~ is semi-decidable. O

Next, we prove that there exists no Turing machine that, for
every f € LCBYS, can compute the peak value || f||o. To this
end, we consider the mapping ¢: LCB2) — Re, f +— || fl]cos
and prove that this mapping is not Banach-Mazur computable.

Theorem 10. The mapping v): LCBY, — R, is not Banach—
Mazur computable.

Proof. We need to find a computable sequence {g*},en C
LCB, such that the sequence of numbers {1(g;;) }nen C R
is a non-computable sequence of computable reals. In par-
ticular, we will construct a computable sequence {g}nen
of functions in LCB, such that ¢(g;) € {0,1} for all
n € N, but the sequence {1(¢g;;) } nen is not computable, which
means there exists no Turing machine TM: N — {0, 1} with
TM(n) = %(g;). n € N.

Let A C N be an arbitrary recursively enumerable non-
recursive set and ¢4: N — A a recursive enumeration of A,
where ¢ 4 is an injective function. Further, let

sin(w(t —n))

N.
w(t—mn) ’ ne

fn(t) = (20)

{fn}nen is a computable sequence in LCBZ,. We set

I = fins n€{da(l),...,0a(m)} with ¢4() = n,
o Jm> n¢{¢A(1)77¢A(m)}

{gm.n}men nen is a computable double sequence of functions

in LCBS,. Note that, if n € {¢a(1),...,¢a(m)} then there

exists exactly one 7 with ¢ 4(m) = n. Further, we define the
function k: N x N — N by

K(M,K) =K +1+2",

Let n € N be arbitrary. We first analyze the case n ¢ A.
Then we have g¢,,, = fp for all m € N. According to
the definition of f,,, we see that on each interval [— K, K],
the sequence {gm n }men of elementary computable functions
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converges uniformly to the zero function. For K € N and
M € N, we have for m > x(M, K) that

1
mon(t) = 0] = < ——=
ﬁ?i‘g 1n(t) = 0| ‘Itﬁlgi‘fm( )| < m = K)
P 1
m—-—K -~ K+1+2M - K
1
< sar- 1)

Thus, for each interval [— K, K], the sequence {gm n }men Of
elementary computable functions converges effectively to the
zero function. We denote this limit function by g, € LCBZY,.
Note that the convergence is effective in K.

Now, let n € A. Let 1 denote the natural number for which
¢a(m) = n. Further, let KX € N and M € N, as well as
m > k(M,K). If n € {¢pa(1),...,04(m)} then we have
Im,n = fr. It follows that

1

max‘gm,n(t) - fm(t)| =0< 27M

<K
Ifn & {pa(1),...,0a(m)}, ie., if m < 7, then we have
9m,n = fm. It follows that

Max |gm,n () = fr(t)] = max|fin () — fa ()]

[t|<K It|<K
< 1 n 1
m(m—K) 7(m—K)
< 2 < 1
“am-K) m-K
1
<
T K+1+42M K
1
<o (22)

Thus, for each interval [— K, K], the computable double se-
quence {gm n}men of elementary computable functions con-
verges effectively to f;. Again, we denote this limit function
by g; € ECB;??O. Note that, as before, the convergence is
effective in K.

Since (21) and (22) do not depend on n, the convergence
of {gm,n}men is also effective in n. It follows that {g; }nen
is a computable sequence of functions in LCBY,.

The sequence {1/(g:)}nen is a sequence of numbers that
satisfies ¢ (g) € {0,1} for all n € N. We do a proof by
contradiction and assume that {1(g})}nen iS a computable
sequence. Let n € N be arbitrary. If n € A then we have
g5 = f and it follows that ||g}||co = [|fllcc = 1. fn g A
then we have g = 0 and therefore ||g}|lc = 0. For every
n € N, we can algorithmically check whether the computable
number ¢(g) is larger or smaller than 1/2. If ¢(g%) > 1/2
then we have n € A. And if ¢(g};) < 1/2 then we have n ¢
A. Hence, we have an algorithm that can determine whether
n € Aorn ¢ A, which implies that A is a recursive set. This
is a contradiction. Hence, our assumption was wrong, and it
follows that {1 (g)}nen is not a computable sequence, which
in turn implies that ¢: LCBY, — R, is not Banach-Mazur
computable. / O

The proof of Theorem 10 further leads us to the next
theorem, the counterpart of Theorem 9, where we showed that
S§” ={f € LCBYy: ||fllc > A} is semi-decidable.
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Theorem 11. For all A € R., X\ > 0, the set
S<={fe ﬁCBﬁf’O: Iflleo < A}
is not semi-decidable.

Proof. We do a proof by contradiction and assume that there
exists a A € R., A > 0 such that the set

{f € LCBX,: || fllse < A}

is semi-decidable. We use the same functions f,, n € N that
were defined in (20) in the proof of Theorem 10, and consider
the sequence {2Af, }nen, Which is a computable sequence of
functions in LCBY,. Let A C N be an arbitrary recursively
enumerable non-recursive set and ¢4: N — A a recursive
enumeration of A, where ¢4 is an injective function. We use
the same functions g, n € N that were defined in the proof
of Theorem 10, and consider the sequence {\g? }nen, which
is a computable sequence of functions in LCBZY,.

We define a Turing machine TM 4 by starting two Turing
machines in parallel. We start a Turing machine TM; (n) that
checks for n if there exists a /m such that n = ¢4 ().
That is, we compute, for m = 1,2,..., the sets 4,, =
{pa(1),...,0a(m)} and check if n € A,,. If so, we stop
the Turing machine TM;. If not, we let the Turing machine
run. This Turing machine stops if and only if n € A.
According to our assumption there exists a Turing machine
TMy: LCBZS, — {stops,runs forever} that stops if and only
if fe{fellBX: [flle < A}. Parallel to TM,, we start
the Turing machine TMs(Ag:*). This Turing machine stops if
and only if [[AgZ|lc < A, or, according to the definition of
gy, if and only if n ¢ A. We see that eventually either TM;
or TMy will stop. If TM; stops then we have n € A, and
if TMy stops we have n & A. The result is reported by the
Turing machine TM 4. Hence, the Turing machine TM 4 can
determine for arbitrary n € N whether n € A or n & A. This
implies that A is a recursive set, which is a contradiction. [

Next, we study the domain of the signals and ask whether
for all locally computable signals it is possible to algorith-
mically determine an interval on which the maximum of the
signal is attained. For all f € B, there exists a natural
number K such that

t)| = 00+
ma |£(0)] = 1]
Further, for f € ECBfo’O, there always exists a t € R,, such
that

1 £lloe = 1£@)I.

For the existence of such a ¢ € R,, see for example [17].
The question that we ask now is: Can we construct a Turing
machine TMy;: ECB;??O — R, that, for each f € ECB;??O,
computes an upper bound for |f|, i.e., a number # such that
|t| <%, where # is a number satisfying (23). The next theorem
answers this question in the negative.

Theorem  12. There exists no Turing machine
™M,y LCBZy — Re that, for every f € LCBZ,, computes
at=TMy(f), such that || f| s = max, 7| f(?)].

(23)
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Remark 8. It is interesting that such a Turing machine TM,,
does not exist. The goal to compute an upper bound for the
time instant where the given signal attains its maximum, is
weaker than the goal to compute the peak value itself or the
time instant where the maximum is attained. In the following
proof we will see that if we could find a Turing machine
TM,, that solves the above problem, then there would exist
a Turing machine that could compute || f||o for every input
I € LCBY,.

Proof of Theorem 12. We do a proof by contradiction and
assume that such a Turing machine TM,, exists. Using this
Turing machine, we can compute ¢ = TMy,(f). We have
[ fllc = max)<z[f(t)|, and it follows that there exists a
Turing machine TM; : LCB;S, — R, to compute || f||. The
Turing machine TM; uses TM,, as a subroutine that computes
t = TM,p(f). The remaining task for TM; is to compute and
output the maximum of f on the interval [—¢, ¢], which is equal
to || f||co- However, such a Turing machine 7'M, cannot exist
according to Theorem 10. O

As already mentioned in the introduction, for many prob-
lems in information and signal processing it has recently been
shown that they cannot always be solved algorithmically on a
digital computer. Examples are the computation of the Fourier
transform [20], the bandlimited interpolation [21], the Wiener
filter [23], and even the bandwidth of computable bandlimited
signals [35]. In all these examples, it turned out that the
key quantities themselves, such as the bandwidth, are not
computable.

The question arose, whether this is a general phenomenon
that holds for all signal processing problems or whether there
exists interesting signal processing problems, where the key
quantity is a computable number, but this number cannot be
algorithmically derived from the signal. The above problems
of computing the peak value for signals in £LCBJS, and of
finding upper bounds have exactly this property. For each
signal f € LCBY, it is possible to find an algorithm, i.e.,
a Turing machine TM that computes || f||o. This is possible
because | f|lcc € Re, and hence, according to the definition
of a computable number, an algorithm has to exist for the
computation of | f||eo. However, this algorithm does not
depend recursively on f, i.e., there exists no universal Turing
machine that can compute || f|| for every signal f € LCB,.

In Theorem 5, Section VII, we constructed a signal
fi € By with filz € Cco such that |[fi]|ec & R. or
arg max,cg f1(t) ¢ R.. This implies that fi ¢ CBx,. We
next show that, for f € B2 with flz € Ccp and || f| € R,
we do not necessarily have f € CB;?O, ie, f € CB;?O is not
a necessary condition for the computability of the peak value

[1f1loo-
Theorem 13. There exists a signal fy € BY, such that

1) falz € Ceq,
2) f2 € CBY,
3) ||f2||00 € Ro
Remark 9. The signal fo in Theorem 13, which will be

constructed in the proof, is an explicit example of a signal
that is in LCBZY, but not in CBZY,.
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Proof of Theorem 13. We use the function f3 from Corol-
lary 2, for which we already know from Remark 6 that
f3 & CBY,. Further, we know that f3|z € Cco. It remains to
show that || f5]|cc € Re. To this end, we use the representation

_Oo 1 gn(t—Nyp)
h(t)—lem(n) ooy tER @

from the proof of Corollary 2. The series on the right-hand side
of (24) converges effectively to f5 on all intervals [—M, M],

M € N. Since
N
Z 1 gn( T Nn)
204 C(n) '
NeN

n=1

is a computable sequence of functions in CB2S, it follows that

f3 is a locally computable function in CCB,??O. Since f3 €
LCBY, we obtain from Theorem 8 that || f3/|c € Re. O

X. SEMI-DECIDABILITY OF THE PEAK VALUE PROBLEM
ON A NYQUIST SET

Nowadays, the simulation of physical models and technical
systems on digital computers is a standard method in research
and development. However, as we have seen there exist signals
and operations that cannot be computed algorithmically on
a digital computer. In these cases, simulations cannot be
used or give meaningless results, because it is impossible to
assess how close the simulation output is to the real output.
Modern simulations software usually contains functionality
to assess the quality of the simulation. For example, tests
can be executed to analyze the quality of the input data, the
behavior of critical parameters during the simulation, and the
confidence of the computed result. In some software packages
such as MATLAB these kinds of checks are implemented in
the form of exit flags, which indicate possible problems during
the computation.

As for the peak value computation, we have seen that there
exist signals, for which it is not possible to compute the
peak value. In this section we study whether it is possible
to determine the problematic signals algorithmically, i.e., to
implement an exit flag for these input signals. To this end,
we consider certain subsets of Ccy, and use the concept of
semi-decidability. The computation of an exit flag for the
computability of the peak value || f|| is illustrated in Fig. 5.

For a sequence x € cg, let f, € Bfrf’o denote the bandlimited
interpolation of z, i.e., the signal f € Bﬁf’o that satisfies
fo(k) = x(k) for all k € Z, if it exists. For us the three
sets

My ={z €Ccy: fo € B and fo(3) € C.},

My ={z €Ccy: fr € By and fo(35) & Cc},
and
Ms={x€Cc: f, € CBX

are interesting. We immediately see that M; = Cco \ Mo,
MoN My =0, and Mz C M.
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yes
™, TM2
r Is [[fllc | no Z —> Compute [ [1flloo
computable? —l €—>  |Iflloo

TM; runs forever

Fig. 5. Exit flag for the computability of the peak value || f||oo-

A set M C Ccq is called semi-decidable if there exists a
Turing machine

TM: Ccy — {TM stops, TM runs forever}
that, given an input x € Ccy, stops if and only if x € M.

Theorem 14. The subsets M1, Mo, and M3 of Ccy are not
semi-decidable.

Before we can prove Theorem 14, we need to introduce the
concept of a computable family of sequences in Ccy. We call a
family {2} re[0,1)r. of sequences in Ccy a computable fam-
ily of sequences in Ccy if there exist a computable sequence
{9k } ez of computable continuous functions ¢y : [0,1] — C.
and a recursive function £: N — N, such that, for all M € N,
we have

1
[ox =&} |le= < oM
for all N > &(M), where
Yr(A), [kl <N,
ol (k) =
0, |k| > N.

Remark 10. A family {x}xe[0,1]nr. C Cco is a computable
family if we can find an algorithm that obtains M € N and
A € [0,1] N R, as inputs and then generates as output a
Ym,» € co with only finitely many non-zero elements such that
lzx — yarallee < 27M. The so constructed output depends
effectively on M and A € [0,1] NR.. This can be interpreted
as follows. If {wx}xejo,1)nr. C Cco is a computable family
of sequences in Ccy then there exists a Turing machine
TM: [0,1] "R, — Cco with TM(A) = z, i.e., TM generates
a description of x from a description of .

Proof of Theorem 14. We first show that M3 is not semi-
decidable. From Theorem 3 we know that M5 is non-empty.
Let 1 € M,y be arbitrary. Further, let g € Ccy be the
sequence xo(k) = 0 for all k& € Z. We have f, (t) = 0,
t € R, and thus 2y € M3. For A € [0,1] NR,, we consider

1‘,\(]{5) = (1 — /\)l‘o(k) + )\Clil(k)
=zi(k), keZ

Since x7 € Ccy, there exists a computable sequence
{Z1,n}nen C ¢o where each z1 , has only finitely-many non-
zero elements, and a recursive function £ such that for all
M € N we have

21 = @1l <27
for all n > £(M). Let

x)\,n(k) = )\xl,n(k), keZ.
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Then, for all A € [0,1] "R, and all M € N, we have

[2x = 2anllee = Alz1 — 21,00
1
< oM

for all n > £(M). Hence, we see that {Z)}re[0,1]nr, 1S @
computable family of sequences in Ccq.

Now we prove that M3 is not semi-decidable using
an indirect proof. We assume that Mg3 is semi-decidable,
i.e., that there exists a Turing machine TMa,: Ccy —
{TM 1, stops, TM,, runs forever} that, given an input z €
Ccp, stops if and only if x € Mg, and show that this
assumption leads to a contradiction. There exists a Turing
machine TMg : R, — {stops, runs forever} such that, for each
input A € R., TMg () stops if and only if A > 0 [17, p. 14,
Proposition 0]. Now we construct a Turing machine TM(\)
with input A € [0,1] N R, as follows. First, TM computes
xy, which is possible, since {Zx}re[0,1]nr, iS @ computable
family of sequences in Ccy. Second, TM starts the two Turing
machines TMg (\) and TMy, () in parallel. Exactly one
of the two Turing machines will stop. TMg () will stop if
and only if A > 0, and TM, (z) will stop if and only if
A =0, because x) € Mj if and only if A = 0. The output of
TM is 0 if TMpq, () stops, and 1 if TMg (\) stops. Hence,
TM is a Turing machine that can decide whether the input
A €[0,1] NR, is equal to zero or larger than zero. This is a
contradiction because such a Turing machine cannot exist [17,
p- 14, Proposition 0]. Thus, M3 is not semi-decidable.

The proof for M; is done analogously as the proof for the
set M3, because for xy we also have xg € Mj.

Next, we show that M5 is not semi-decidable. Again, we
use an indirect proof and assume that M is semi-decidable,
i.e., that there exists a Turing machine TMay,: Ccp —
{TM 4, stops, TMaq, runs forever} that, given an input x €
Ccy, stops if and only if x € Ms. Let z; € My be arbitrary
and consider, for € € [0, 1] N R,

ze(k) = 2 (ke
We have z.(k) € C. for all k € Z. For e = 1, we have
ze(k) = w1 (k),

ie., z. € Ma. For € € [0,1) NR,, we have

N sin(m(% — k)
1y _ zy (k)b 222212 = )
fo (%) k:§ (k) )

(i —k

keZ,

A
5l
=
~

2

Since
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is a computable sequence of computable numbers, we see that
fz.(1/2) € C,., and consequently that z. € M;. We now
show that {z}cc[o,1jnr, is a computable family in Ccy. To
this end, we consider

Ui (€) = x1 (k).

{1 }rez is a computable sequence of computable continuous
functions v : [0,1] — C.. We choose

I’N(k): wk(€)7 ‘k| SNa
¢ 0, |k| > N.

Since z; € Ccy, there exist a computable sequence
{z1,n}tnen C co, wWhere each z;, has only finitely many
non-zero elements, and a recursive function £: N — N, such
that for all M € N we have ||z1 — 215 [[ee < 27 for all
n > &(M). For all M € N and all € € [0,1] "R, we have

jwe(k) — 2 (k)] = |21 (k)el™ — a7 (k)€™

= ™z (k) -y ()|

< |z1 (k) — a7 (k)]

< Jlwy = a7 [l

< L

S om
for all k¥ € Z and all N > ¢(M). This shows that
{Zc}ee(0,1)nr, is a computable family in Ccy. We already have
shown that, for all € € [0,1) NR., we have . € M1 and, for
e=1 2. =21 € Mo.

Next, we construct a Turing machine TM(¢) with input € €
[0, 1]NR, as follows. First, TM computes ., which is possible
because {Z }cc[o,1)nr, is a computable family in Ccy. Second,
TM starts the two Turing machines TM; (¢€) and TM oy, () in
parallel. Exactly one of the Turing machines will stop. TM; (¢)
will stop if and only if € < 1, and TMpy, () will stop if and
only if ¢ = 1, because z. € M, if and only if € = 1. However,
such a Turing machine cannot exist [17, p. 14, Proposition 0].
This shows that My is not semi-decidable. O

XI. CONCLUSION

The peak value problem is an important problem, especially
in communications, where we have to control the peak value
of the transmit signal. In this work we analyzed whether
certain questions regarding the peak value problem and the
decay behavior can be answered algorithmically, i.e., on a
digital computer. In the case of oversampling it is possible
to compute the peak value of a bandlimited signal from its
samples. However, if no oversampling is used, this is no longer
possible in general. This shows that there are limitations in
what can be computed on digital machine. For a more relaxed
concept of computability, local computability, it is not even
possible to always decide algorithmically whether the peak
value of a signal is below a certain threshold.

The question of computability and the limitations of digital
machines are usually not addressed in signal processing books
and publications. If a certain value is not computable, then
we cannot algorithmically control the error that is made in the
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approximation. As we have shown, this can be the case in the
peak value computation of a continuous-time signal.

We also have seen that, for locally computable signals f,
we always have || f|loo € Re, but there exists no single Turing
machine that can compute || ||~ for every locally computable
signal f as input to the Turing machine. This is an interesting
example of a problem where the key quantity is a computable
number, but where there exists no universal Turing machine
that is capable of computing this number for all inputs.

It would be desirable to algorithmically identify the critical
signals, for which computability problems exist, in order to
filter them out before the actual computation begins. Unfortu-
nately, such an exit flag functionality for detecting computabil-
ity problems cannot exist, because the corresponding signal
sets are not semi-decidable.
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